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This paper discusses a theory of natural circular dichroism in the x-ray region. Integrated spectra
are interpreted in terms of microscopic effective operators, which are derived in the framework of a
localised (atomic) model. It is shown that the generators of a de Sitter group, such as that introduced
by Goshen and Lipkin for nuclear structure, are suitable for describing electronic properties of non-
centrosymmetric crystals.
PACS numbers: 78.70.Dm, 33.55.Ad
In recent years, near-edge dichroism in crystals, i.e.
the dependence of x-ray absorption on crystal and/or
magnetic orientations with respect to the polarisation
of the photon, has been thoroughly investigated at syn-
chrotron radiation sources. Particular attention has been
given to x-ray magnetic circular dichroism (XMCD),
namely the difference in absorption between right- and
left-circularly polarised photons in a system with a
net magnetisation. Various authors have demonstrated
the effect [1,2], which requires the breaking of time-
reversal symmetry and the presence of a spin-orbit inter-
action. Electric-dipole (E1) and, in some cases, electric-
quadrupole (E2) transitions [3,4] account for the perti-
nent inner-shell excitations.
Theoretically, efforts have been made to identify crys-
talline microscopic properties revealed by the observed
spectra; and, in this context, atomic theory has provided
a number of results. Among these is a set of sum rules,
which relate integrated dichroic intensities to the ground-
state expectation value of effective one-electron operators
[5–7]. In the case of XMCD these operators coincide
with the spin and orbital contributions to the magnetic
moment, thus providing experimentalists with a simple
interpretative framework.
To cover the more realistic case of an atom in a solid,
a formulation of the problem in terms of a minimal set
of muffin-tin orbitals has also been reported [8]. In this
case, corrections to the atomic results are found in the
form of energy moments of the bands, and are expected
to be small in most cases.
More recently a novel phenomenon, termed x-ray nat-
ural circular dichroism (XNCD), was observed in an or-
ganic non-centrosymmetric single crystal [9] and in a
stereogenic organometallic complex [10]. The effect stems
from the interference between E1 and E2 transitions, thus
requiring an ordered structure and the breaking of space
inversion.
Aimed at deriving an XNCD sum rule, earlier theoreti-
cal work [11] has identified the relevant effective operator
with a rank-two tensor. Its microscopic nature and sym-
metry properties were not, however, fully determined.
The current paper follows the program of Ref. [11]
to its natural conclusion. Particular symmetry consid-
erations are needed to complete the analysis; in virtue
of them new effects, still to be probed experimentally,
emerge.
It is worth reminding the reader that effective op-
erators for x-ray dichroism are irreducible tensors con-
structed from the generators of the underlying symmetry
group. In the case of pure electric multipole-transitions,
it suffices to work within the rotation group, i.e. with
the spherical components of the angular momentum. In
this way, sum rules for CMXD and linear x-ray dichro-
ism were obtained [5–7]. (Linear dichroism implies a
difference in absorption between radiations with linear
polarisation parallel or perpendicular to a local symme-
try axis.) To study interference terms an extension of
the symmetry group is required. As shown below, the
extended symmetry is identified with a de Sitter group,
O(3,2), a non-compact version of O(5). Its generators
will serve to write out a sum rule for XNCD.
An aspect of symmetry relevant to XNCD is the ab-
sence/presence of mirror planes in the permitted point
groups, with the ensuing difference between enantiomeric
and non-enantiomeric systems. To properly elucidate
this point, effective operators will be discussed for the
E1 - magnetic dipole (M1) interference, which governs
the natural dichroism in the optical range.
Central to our considerations is the integrated intensity
ΣXNCD =
∫
j−+j+
σXNCD(ω)
(h¯ω)2
d(h¯ω) , (1)
where σXNCD(ω) = σ
ǫ
X(ω) − σǫ
∗
X (ω) denotes the cross
section for natural circular dichroism in the x-ray region
(X), a macroscopically measurable quantity. Integration
is over a finite photon-energy range in Eq. (1), corre-
sponding to the two partners of a spin-orbit split inner
shell. The partners are identified by j± = c± 12 .
E1-E2 interference. The link between ΣXNCD and a
microscopic description is provided by the relation
σǫX(ω) = 4pi
2αh¯ω

 i
2
∑
f
∑
nn′
〈g | ǫ∗ · rn | f〉 (2)
〈f | ǫ · rn′k · rn′ | g〉+ c.c.

 δ(Ef − Eg − h¯ω) ,
1
picking out the E1-E2 interference in the absorption cross
section. The notation is as follows: h¯ω, k and ǫ represent
energy, wave vector and polarisation of the photon; | g〉
and | f〉 denote ground and final states of the electron
system, with energies Eg and Ef respectively; electrons
are labelled by n and n′; α = e2/h¯c.
We consider the fermionic field
Ψ(r) =
∑
lλσ
alλσψlλσ(r) +
∑
m
ajmψjm(r) , (3)
and go over to a second quantisation description. Here,
ajm and alλσ (al′λ′σ′) annihilate inner-shell and valence
electrons, respectively.
The matrix element appearing in Eq. (2) can then be
given the form∑
nn′
〈g | ǫ∗ · rn | f〉〈f | ǫ · rn′k · rn′ | g〉 =
∑
ll′,jj′ ,mm′
λλ′,σσ′
〈ψj′m′ | ǫ∗ · r | ψlλσ〉〈ψl′λ′σ′ | ǫ · r k · r | ψjm〉 (4)∑
f
〈g | a†jmal′λ′σ′ | f〉〈f | a†lλσaj′m′ | g〉 .
The atomic basis set, which enters the definition of the
fermionic field, is chosen as follows. Core electrons are
identified by coupled atomic orbitals
ψjm(r) =
∑
γσ
Cjm
cγ; 1
2
σ
ϕcγ(r)ξσ , (5)
with Cjm
cγ; 1
2
σ
a Clebsch-Gordan coefficient, ϕcγ(r) =
ϕc(r)Ycγ(rˆ), and ξσ a spinor. Valence states are described
by uncoupled atomic wave functions,
ψlλσ(r) = ϕl(r)Ylλ(rˆ)ξσ , (6)
and similarly for l′λ′σ′.
The derivation then proceeds by applying the Wigner-
Eckart theorem and simple recoupling transformations.
(Algebraic details are omitted as they can be found in
the work of Natoli et al. [11].) The result reads
ΣXNCD =
8pi2α
h¯c
√
2pi
15
√
2c+ 1
∑
ll′
R
(1)
cl R
(2)
cl′
√
2l+ 1Cc0l0;10 C
l′0
c0;20
{
l l′ 2
2 1 c
}
Y20(kˆ) (7)
i
∑
mm′
〈g|C20lm;l′m′a†lma˜l′m′ − h.c. |g〉 ,
with the radial integrals defined by
R
(L)
cl =
∫ ∞
0
drϕc(r)r
L+2ϕl(r) .
Also, a˜lm = (−1)l−mal−m, so that a˜lm and a†l′m′ trans-
form as the components of irreducible tensors [12]. Equa-
tion (7), which is restricted to the case of full circular po-
larisation (Pc = 1), is derived by neglecting relativistic
corrections to the radial part of the atomic wave func-
tions [5,6].
Our task is to identify the physical observable defined
by the hermitean one-electron operator
i
∑
m,m′
(
C20lm;l′m′a
†
lma˜l′m′ − h.c.
)
,
with l′ = l ± 1. To this end, we define
A = n f1(N0) +∇Ωf2(N0) , (8)
with n = r/r and ∇Ω = −in × l; l denotes the orbital
angular momentum. Also,
f1(N0) = (N0 − 1
2
)
√
(N0 − 1)/N0
and
f2(N0) =
√
(N0 − 1)/N0,
with N0|lm〉 = (l + 12 )|lm〉.
The action ofA,A†, l andN0 on the spherical harmon-
ics identifies a representation of o3,2, a rank-two Lie alge-
bra [13]. The corresponding de Sitter group, O(3, 2), has
been used by Goshen and Lipkin to describe rotational
and vibrational states of nucleons in a 2d harmonic-
oscillator potential [14,15]. In their work, the O(3, 2)
generators are represented using Schwinger’s uncoupled-
boson scheme [16]. Our considerations will be based on
representation (8) from which, we believe, physical prop-
erties are easier to grasp. [The possibility of mapping our
problem onto a two-dimensional harmonic oscillator re-
flects the fact that Eq. (7) depends only on two angular
variables.]
The Wigner-Eckart theorem yields∑
m
C20lm;l+1−ma
†
lma˜l+1−m (9)
= cl
∑
m
〈lm| (A, l)(2)0 |l + 1m〉 a†lmal+1m ,
with cl = −
√
10/
√
l(2l + 1)(l+ 1)(l+ 2)(2l + 3) [17].
Setting
∑
n
[
(A, l)(2)ρ
]l,l′
n
=
∑
mm′
〈lm| (A, l)(2)ρ |l′m′〉 a†lmal′m′
(10)
extends the definition of coupled tensors [12] to l, l′
pairs. [The couplings are defined by (U (s), V (t))
(k)
ρ =∑
νµ C
kρ
sν;tµU
(s)
ν V
(t)
µ , where s, t and k denote the ranks
of the corresponding irreducible tensors; s = t = 1 and
k = 2 in Eq. (10).] We thus have
i
∑
m
(
C20lm;l+1−ma
†
lma˜l+1−m − h.c.
)
= i cl
∑
n
[
(A, l)
(2)
0 − (l,A†)(2)0
]l,l+1
n
, (11)
2
where the relation,
[
(A, l)(x)ρ
]†
= (−1)x−ρ(l,A†)(x)−ρ ,
has been used. A similar result is obtained for the sym-
metry related pair l, l − 1. The rank-two tensor given
by Eq. (11) is even under time reversal and odd under
space inversion. Tensors with these symmetry proper-
ties are known as pseudodeviators. (We recall that the
expectation value of inversion-odd operators vanishes in
any state of definite parity.)
Writing out the the totally symmetric components, e.g
(A, l)
(2)
0 = [3A0l0 −A · l] /
√
6 , and using the orthogo-
nality relations A · l = l ·A† = 0, the r.h.s. of Eq. (11)
can be given the simpler form
i cl
√
3
2
∑
n
[
(A0 −A†0)l0
]l,l+1
n
. (12)
The symmetry group is thus restricted to the subgroup
O(3, 2) ⊂ O(2, 1)× O(2). [O(2, 1) is a three dimensional
Lorentz group with generators A0, A
†
0 and N0; l0 com-
mutes with all of them [16].]
A sum rule for XNCD, integrated over the two partners
j±, can now be written. It reads
ΣXNCD =
2pi2α
h¯c
(3 cos θ2 − 1)(2c+ 1) (13)
∑
l=c±1
l′=l±1
R
(1)
cl R
(2)
cl′ al′(c, l)〈g|
∑
n
i
[
(A†0 −A0)l0
]l,l′
n
|g〉
where cos θ = kˆ · zˆ, with zˆ the quantisation axis, and
al+1(c, l) =
√
(2l + 1)(2l+ 3)[4 + 3c(c+ 1)− l(3l+ 5)]
(c− l − 3)(c+ l + 4)(c+ l)2(c+ l + 2)2 ,
al−1(c, l) =
√
(2l+ 1)(2l − 1)[6 + 3c(c+ 1)− l(3l+ 1)]
(c− l + 3)(c+ l − 2)(c+ l)2(c+ l + 2)2 .
Equation (13) is consistent with Kuhn’s natural dichro-
ism sum rule [18].
As x-ray linear dichroism experiments in non-centro-
symmetric crystals are currently under work, it seems
appropriate to extend our analysis of E1-E2 integrated
spectra to the case of arbitrary polarisation. We obtain
∫
j++j−
σǫX(ω)
(h¯ω)2
d(h¯ω)∝
3∑
x=1
{
l l′ x
2 1 c
}
T
(x)
0 (ǫ,k) (14)
i
∑
mm′
〈g|Cx0lm;l′m′a†lma˜l′m′ − h.c. |g〉 ,
with the polarisation response given by
T
(x)
0 (ǫ,k) =
∑
αβδζ
Cx01δ;2ζY1δ(ǫ
∗)C2ζ1α;1βY1α(ǫ)Y1β(k) .
As observed, circular dichroism picks out the x = 2 term.
The remaining values, x = 1, 3, are selected by linear
dichroism. These contributions are associated with time-
odd electronic properties of non-centrosymmetric crys-
tals. For x = 1, we find
T
(1)
0 (ǫ,k) i
∑
mm′
(
C10lm;l′m′a
†
lma˜l′m′ − h.c.
)
∝ kˆ ·
(
A× l− l×A†
)
, (15)
providing a microscopic expression of the irreducible vec-
tor operator. A physical interpretation of the results (11)
and (15) is provided below.
For simplicity, consider a single ion with a partially
filled valence shell in configuration ln; all other shells
filled. The effect of spin-orbit interactions and/or crystal
fields results in a deformation of the electronic cloud. Its
multipolar expansion will contain spin and orbital mo-
ments characteristic of the symmetry of the deformation
and described by one-particle coupled tensors. As shown
in previous work [5–7], linear and circular x-ray dichro-
ism, from pure electric-multipole transitions, provide a
measure of the ground-state expectation value of these
tensors. As is well known, integrating over the two part-
ners of a spin-orbit split inner shell singles out orbital
moments, which can all be constructed by coupling the
spherical components of l.
Inclusion of hybridisation amounts to considering a va-
lence shell given as a superposition of states with differ-
ent l values. New electronic moments, stemming from
l, l′ pairs of states and probed by electric-multipole in-
terferences, appear in this case. We will refer to them as
intrinsic hybridisation moments. They are expressible by
way of coupled tensors and the current work has shown
how to write them out in terms of de Sitter generators,
for the spinless case. The E1-E2 interference is sensitive
to space-odd tensors. (The orbital pseudodeviator repre-
sents a space-odd intrinsic hybridisation moment of rank
2.) Space-even moments could be revealed by the E1-E3
interference, if ever observable.
The use of Eq. (8) leads to expressions for the hybridi-
sation moments in terms of position and momentum op-
erators, with r → n and ip = n ∂
∂r
+ 1
r
∇Ω → ∇Ω, since
we are dealing with angular variables only.
E1-M1 interference. In the optical range (O), the ab-
sorption cross section is controlled by the E1-M1 inter-
ference and reads
σǫO(ω) = 4pi
2αh¯ω

 i
2
∑
f
∑
nn′
〈g | ǫ∗ · rn | f〉 (16)
〈f | ǫ× k · ln′ | g〉+ c.c.

 δ(Ef − Eg − h¯ω) .
Proceeding as in the derivation of Eq. (7), effective oper-
ators of rank zero and two are obtained by coupling the
3
generators of O(3, 2). Notice that two-particle operators
are found in this case, as we are considering intra-shell
transitions. (Details of their derivation will be given else-
where.) For the rank-zero tensor, we find
∑
n6=n′
[
i
(
An −A†n
)
· ln′
]l,l′
, (17)
with l′ = l ± 1. (Its rank-two companion, i.e. the two-
particle pseudodeviator will not be discussed.) Expres-
sion (17) defines an orbital pseudoscalar, an irreducible
tensor able to distinguish between enantiomeric and non-
enantiomeric systems. Indeed, it does not branch to
the totally symmetric representation in the allowed point
groups which contain a mirror plane. (These branchings
can be obtained from Butler’s tables [19]; see also Table
I in Jerphagnon and Chemla [20].)
In the O(3,2) framework an exhaustive picture of one-
electron effects accessible to x-ray dichroism is obtained.
We distinguish four cases:
1. Time-odd electronic properties in centrosymmetric
crystals. They are detected by XMCD. For E1 transi-
tions, the spinless effective operator coincides with l0 and
we recover the familiar orbital sum rule [5].
2. Time-even electronic properties in centrosymmetric
crystals. They are detected by x-ray linear dichroism.
For E1 transitions, the spinless effective operator coin-
cides with 3l20 − l2 and the orbital-quadrupole sum rule
is obtained [7].
3. Time-even electronic properties in non-centrosym-
metric crystals. They are detected by x-ray circular
dichroism. For E1-E2 interference, the spinless effective
operator is given by Eq. (11), and we have the orbital-
pseudodeviator sum rule. (If ferromagnetism is present,
pure electric multipole transitions will also contribute
yielding time-odd orbital tensors, usually detected by
XMCD. These terms vanish when the magnetisation di-
rection is perpendicular to the photon wave vector.)
4. Time-odd electronic properties in non-centrosym-
metric crystals. They are detected by x-ray linear dichro-
ism. For E1-E2 interference, two spinless effective oper-
ators contribute as shown by Eq. (14). (In the case of a
magnetic crystal, pure electric transitions will also con-
tribute yielding time-even tensors. These terms can be
distinguished by full angular-dependence analysis.)
We note that integrating over a single partner (j±)
would provide spin-dependent intrinsic hybridisation mo-
ments. The generalisation of our results to x-ray resonant
scattering would also be straightforward.
To summarise: We have discussed a theory for x-ray
dichroism which is applicable to both centro- and non-
centrosymmetric crystals. Our formalism is constructed
from the generators of the O(3,2) group. Previous the-
oretical work on integrated dichroic spectra [5–7] now
appears as special case.
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